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Abstract 

A multidimensional generalization of Melvin's solution for an arbitrary simple Lie 
algebra Q is presented. The gravitational model contains n 2-forms and I > n scalar 
fields, where n is the rank of Q . The solution is governed by a set of n functions 
obeying n ordinary differential equations with certain boundary conditions. It was 
conjectured earlier that these functions should be polynomials (the so-called fluxbrane 
polynomials). A program (in Maple) for calculating of these polynomials for classical 
series of Lie algebras is suggested (see Appendix). The polynomials corresponding to 
the Lie algebra are obtained. It is conjectured that the polynomials for A n -, B n - 
and C n - series may be obtained from polynomials for D n+ \ -series by using certain 
reduction formulas. 

1 Introduction 

In this paper we deal with a special multidimensional generalization of the well-known Melvin 
solution pQ . This generalized solution is related a simple Lie algebra and is a special case of the so- 
called generalized fluxbrane solutions from [2]. For fluxbrane solutions see [2], [3] -[8] and references 
therein. For more general classes of solutions see also [9l 110]. 

We remind the reader that the generalized fluxbrane solutions are governed by functions 
H s (z) > defined on the interval (0, +oo) and obeying the non-linear differential equations 



-(--H s )=P s f\H- A -', 
dz\H s dz 8 J s J-J- s 

v 7 s'=l 



fl.l) 



dz 

with the following boundary conditions: 

H s {+0) = 1, (1.2) 

s = l,...,n, where P s > for all s. Parameters P s are proportional to brane charge density 
squared Q 2 S and z = p 2 , where p is a radial parameter. The boundary condition (|1.2|) guarantees 
the absence of singularity (in the metric) for p = +0 . 

Here we assume that (A ss i) is a Cartan matrix for some finite dimensional simple Lie algebra 
Q of rank n ( A ss = 2 for all s). According to a conjecture suggested in [2], the solutions to Eqs. 
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(|1.2|) governed by the Cartan matrix (A ss i) are polynomials: H s {z) = 1 + Ylk=i^ zk > 
where P s (fc) are constants ( = P s ). Here pj ns) / and n s = 2£", =1 y4 ss ' where (A ss ') = 
(A ss /) . Integers n s are components of a twice dual Weyl vector in the basis of simple co-roots 
It was pointed in [2] that the conjecture on polynomial structure of H s may be proved for 
A n and C n Lie algebras along a line as it was done for black-brane polynomials from [T2] (see also 
[TO]). It should be also noted that the set of polynomials H s defines a special solution to open 
Toda chain equations |13[ Q3] corresponding to simple Lie algebra Q . 



2 The solution 

We consider a model governed by the action 

S = J d D x^/\g~\^R[g] - h a pg MN d M <p a d N <pP - \ £ exp[2A s (^)](F s ) 2 | (2.1) 

where g = guN{x)dx M <S> dx is a metric, cp = (tp a ) S I 1 is a vector of scalar fields, (h a p) is 
a constant symmetric non-degenerate I x I matrix (I £ N) , F s = cL4 s = ^Fl IN dz M A cfe is a 
2 -form, A s is a 1-form on E 2 : \ s {<p) = X sa ip a , s = 1, n; a = In ()2. 1 j) . we denote 

| 3 | = |det( 5MJ v)|, (F*) 2 = F^F^g^g^ , S = l,...,n. 

Let us consider a family of exact solutions to the field equations corresponding to the action 
(12. ip and depending on one variable p . These solutions are defined on the manifold 

M = (0, +00) x Ml x M 2 , (2.2) 

where Mi is a one-dimensional manifold (say S 1 or IR ) and M2 is a (D-2)-dimensional Ricci-flat 
manifold. The solution reads 

n , n n 

9 = (II #f s/(D ~ 2) ) j ® dp + (Jl H- 2h ^p 2 d(j> ® # + 5 2 I, (2.3) 

n 

exp(^) = n^ A ?, (2.4) 

fs =-^fn ^ Ass ' ) p d p a ^ ( 2 - 5 ) 



s = 1, ...,n , where w = ±1 , g 1 = dcj) <S> deft is a metric on Mi and g 2 is a Ricci-flat metric on 
M 2 . 

The functions H s (z) > 0, z = p 2 , obey the equations ([l.ip with the boundary conditions 
(OP and 

= ix s g 2 . (2.6) 

The parameters h s satisfy the relations 

h s = K~ 1 , K s = B ss >0, (2.7) 

where 

P ss ' = 1 + - — -~ + A SQ A s / / 3/i Q/3 , (2.8) 
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s,s' = 1, ...,n, with (h al3 ) = (h^y 1 . Here A° = /i a/3 A s/3 and 



(Ais') = {%B ss r / B s i s r) 



(2.9) 



is the Cartan matrix for a simple Lie algebra Q of rank n . 

It may be shown that if the matrix {h a p) has an Euclidean signature and I >n , there exists 
a set of co- vectors Ai, X n obeying ()2.9p . Thus the solution is valid at least when I > n and the 
matrix (h a p) is a positive-definite. 

The solution under consideration may be verified just by substitution into the equations of 
motion corresponding to (|2.ip . It may be also obtained as a special case of the fluxbrane (for 
w = +1 , Mi = S 1 ) and S'-brane (w = —1) solutions from [2] and [8], respectively. 

If w = +1 and the (Ricci-flat) metric <? 2 has a pseudo-Euclidean signature, we get a multidi- 
mensional generalization of the Melvin's solution pQ. Recall that the Melvin's solution corresponds 
to n = 1 , Mi = S 1 ( < (/)< 2ir ), M 2 = M 2 , g 2 = -dt ® dt + d£ ® d£ and £ = ^ . For it? = -1 
and <?2 of Euclidean signature we obtain a cosmological solution with a horizon (as /) = +0 ) if 
Mi = R ( -co < < +oo ). 



Here we present polynomials corresponding to the Lie algebra -D4 = so(8) . These polynomials 
were obtained using a program written in Maple. The program is given in the Appendix (it was 
described in |15j). 

For the Lie algebra D4 we find the following set of polynomials 



3 Fluxbrane polynomials 




Hi = 1 + P lZ + -PxP2z 2 + (gg^i^Pa + —PiP2Pa)z 3 + —P X P 2 P Z P^ 



(3.1) 



(3.2) 
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H 3 = 1 + P 3 z + -P 2 P 3 ^ 2 + (^ P i p 2P 3 + gg P2P3Pa)z 3 + — PiP 2 P 3 ^ 4 




(3.3) 



ff 4 = 1 + P 4 z + -P 2 P 4 ^ 2 + [—P1P2PA + ^P2P 3 Pi)z 3 + — PlP 2 P 3 P 4 ^ 4 



(3.4) 
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Setting P 4 = +0 , we get a triple of polynomials (Hi , H 2 , H%) for the Lie algebras A 3 = sl(4) . 
For P3 = P4 we obtain a set of polynomials (Hi , Hi , H%) for the Lie algebras B3 = so(7) . 
The A3 -polynomials for Pi = P3 give us a pair of C2 = sp(2) -polynomials (Hi , H2) [8j. (For 
Pi = P3 = P4 we obtain G2 -polynomials from [8].) 

This prescription could be generalized to higher ranks by using the following Conjecture: i) 
the set of A n -polynomials is given by the first n polynomials for the Lie algebra D n+ i when 
Pn+i = +0 ; ii) the set of B n -polynomials coincides with the first n polynomials for the Lie 
algebra D n+ i when P n = P n +i ; iii) the set of C m +i -polynomials coincides with the first m + 1 
polynomials for the Lie algebra A2 m +i when the following relations are imposed: Pi = P2 m +i j 
P2 = P2m , •••) Pm = Pm+2 • An analytical proof of this conjecture will be a subject of a separate 
work. At the moment, one can verify these relations just by using the program from the Appendix. 

4 Conclusions 

We have presented a multidimensional generalization of the Melvin's solution for an arbitrary 
simple Lie algebra Q . The solution is governed by a set of n fluxbrane polynomials. We have 
written a program for calculating of these polynomials for the classical series of Lie algebras (see 
the Appendix). The set of polynomials corresponding to the Lie algebra D4 is obtained. The 
polynomials considered above define special solutions to open Toda chain equations corresponding 
to simple Lie algebras that may be of interest for certain applications of Toda chains. 

We have conjectured (without proof) certain relations between polynomials belonging to differ- 
ent series of classical Lie algebras. These relations tells us that the most important is the calculation 
of D n+ i -polynomials, since all other polynomials (e.g. A n -,B n - and C n -ones) may be obtained 
from the polynomials for D n+ i -series by using certain reduction formulas. A calculation of poly- 
nomials for exceptional Lie algebras (i.e. G2 , F4. , E§ , £7 , E%) will be described in a separate 
publication. 

As it was noted, the solution under consideration for w = —1 is a cosmological one. The study 
of this and/or some other similar cosmological solution governed by fluxbrane polynomials (e.g. in 
connection with the problem of acceleration) will be a subject of a forthcoming publications. 
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Appendix 

In this Appendix we present a program written for calculating fluxbrane polynomials for four 
classical series of simple Lie algebras: A n , B n , C n and D n . A description of this program is 
given in [15J. 

> with(LinearAlgebra) : 

> with(PolynomialTools) : 

> S:=3: 

> A:=Matrix(S,S) : 

> AlgLie : =proc (algn , S , Cart A : =Matrix (S , S) ) 

local i,mu,nu; 

i : = ; mu : = ; nu : =0 ; 

mu := S-lj 

nu:=S-2; 

for i to S do 
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CartA[i, i] := 2 
end do; 

if (S>=1) and algn=an then 
for i from 1 to S-l do 

CartA [i, i+1] := -1 
end do; 

for i from 1 to S-l do 

CartA[i+l, i] := CartA[i, i+1] 
end do; 
end if ; 

if (S >= 4) and algn = dn then 
for i from 1 to S-2 do 

CartA[i, i+1] := -1 
end do; 

for i from 1 to S-2 do 

CartA[i+l, i] := CartA[i, i+1] 
end do; 

Cart A [S , nu] : = Cart A [mu , nu] ; 
CartA[nu, S] := CartA[S, nu] 
end if ; 

if (S>=2) and algn=cn then 

for i from 1 to (S - 1) do 

CartA[i,i+l] :=-l 
end do; 

for i from 1 to (S - 2) do 

CartA [i+1 , i] : =CartA [i , i+1] 
end do; 

CartA[S,mu] :=-2 
end if ; 

if (S>=3) and algn=bn then 

for i from 1 to (S - 1) do 

CartA [i+1, i] :=-l 
end do; 

for i from 1 to (S - 2) do 

CartA [i, i+1] :=CartA [i+1 , i] 

end do; 
end if ; 

return CartA 
end proc : 

> AlgLie(algn, S, A); 

> n := Vector [row] (1 . . S) : 

> Al := MatrixInverse(A) ; 

> for i to S do n[i] := 2*add(Al[i, j] , j = 1 .. S) end do: 

> maxel := max(convert(n, list) [] ) : 

> P := array(l .. S, 1 .. maxel): 

> H := Vector [row] (1 . . S) : 

> for i to S do H[i] := l+add(P[i, k]*z~k, k = 1 .. n[i]) end do: 

> for i to S do for j to S do a[i, j] := A[i, j] end do end do: 

> for i to S do h[i] := H[i] end do: 

> for i to S do for v to S do c [i , v] := h[v]~(-a[i, v] ) end do end do: 

> equal := Vector [row] (1 .. S) : 

> for i to S do 

equal[i]:= dif f (z*(diff (H[i] ,z) ) /H [i] ,z) -P [i , 1] * (product (c [i ,m] , m = 1..S)) 
end do: 

> simequal := Vector [row] (1 .. S) : 

> newequal := Vector [row] (1 .. S) : 

> for i to S do simequal [i] := simplify (combine (value (equal [i] ) , power)) end do: 

> for i to S do newequal [i] := numer (simequal [i] ) end do: 

> maxcoeff := Vector [row] (1 .. S) : 

> for i to S do maxcoeff [i] := degree (newequal [i] , z) end do: 

> coefflist := table(): 

> for i to S do 

for c from to maxcoeff [i] do 

coefflist [i, c] := coeff (newequal [i] , z, c) =0 
end do 
end do: 

> Sys := convert (coefflist, list): 

> sol := solve (Sys): 
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> trans := {seq(seq(P [i , j] = P[i,j], i = 1..S), j = 1 . .maxel) } : 

> sol := simplify(map2(subs, trans, sol)): 

> PI := map2(subs, sol, evalm(P)): 

> for 1 to S do H[i]:= l+add(Pl [i ,k] *z~k, k = l..n[i]) end do; 



References 

[1] M.A. Melvin, Pure magnetic and electric geons, Phys. Lett. 8, 65 (1964). 

[2] V.D. Ivashchuk, Composite fluxbranes with general intersections, Class. Quantum Grav., 19, 
3033-3048 (2002); hep-th/0202022. 

[3] D.V. Gal'tsov and O.A. Rytchkov, Generating branes via sigma models, Phys. Rev. D 58, 
122001 (1998); hep-th/9801180. 

[4] C.-M. Chen, D.V. Gal'tsov and S.A. Sharakin, Intersecting M -fluxbranes, Grav. Cosmol. 5, 
No 1 (17), 45-48 (1999); hep-th/9908132. 

[5] M.S. Costa and M. Gutperle, The Kaluza-Klein Melvin solution in M-theory, JEEP 0103, 027 
(2001); hep-th/0012072. 

[6] M. Gutperle and A. Strominger, Fluxbranes in string theory, JEEP 0106, 035 (2001); hep- 
th/0104136. 

[7] CM. Chen, D.V. Gal'tsov and P.M. Saffin, Supergravity fluxbranes in various dimensions, 
Phys. Rev. D 65, 084004 (2002); hep-th/0110164. 

[8] I.S. Goncharenko, V. D. Ivashchuk and V.N. Melnikov, Fluxbrane and S-brane solutions with 
polynomials related to rank-2 Lie algebras, Grav. Cosmol. 13, No. 4 (52), 262-266 (2007); 
math-ph/0612079. 

[9] V.D. Ivashchuk and S.-W. Kim, Solutions with intersecting p-branes related to Toda chains, 
J. Math. Phys. 41, 444-460 (2000); hep-th/9907019. 

[10] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisym- 
metric forms, topical review, Class. Quantum Grav., 18 R87-R152 (2001); hep-th/0110274. 

[11] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and Representations. A graduate course 
for physicists (Cambridge University Press, Cambridge, 1997). 

[12] V.D. Ivashchuk and V.N. Melnikov, P-brane black Holes for General Intersections, Grav. 
Cosmol, 5, No 4 (20), 313-318 (1999); gr-qc/0002085. 

[13] B. Kostant , Adv. in Math. 34, 195 (1979). 

[14] M.A. Olshanetsky and A.M. Perelomov, Invent. Math., 54, 261 (1979). 

[15] A. A. Golubtsova and V.D. Ivashchuk, On calculation of fluxbrane polynomials corresponding 
to classical series of Lie algebras; arxiv: 0804.0757 [nlin.SI]. 



6 



